Notation. 1.2. We write
(1.8) ±a n = A(C,k).
Statement of lemma and identiy. We write
and Λ°u n = u n . We shall use the following well-known identity:
( ΛW.) = Σ(ί)^*-'*.-..
it is necessary and sufficient that
where H is Lemma A is mentioned by Hardy [8, Th. 2] , which is due to Toeplitz [12] . Toeplitz considers only triangular transformations, in which C m>n = 0 for n > m. The extension to general transformations was made by Steinhaus [11] . Proof. We have
i.e., C n = F n -G n , and hence 
It follows that 
arious constants) using the identity (1.9). Then from (2.18) it follows that for each m 9 whenever CHBI-+S as w->oo.
Note. Hypotheses (i) αwc? (ii) of the Theorem are necessary. For suppose that -GIIB*-+S as n-+°o
Then from (2.14)-(2.16), condition (i) of Lemma A must hold, but this implies (2.17) and hence hypothesis (ii) of Theorem 2.
Next, let us choose C n so that (2.23) holds. Then Further the summability (C, k) of (2.4) can be improved to the summability (C, k -1), by the following Lemma.
LEMMA B. // d n is monotonically decreasing and
for j -1, 2, , fc + 1, where
Proof. We have
We will prove that (2.32) 
